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Introduction

Asymptotic Equipartition Properties (AEP)

AEP w.r.t Entropy

For independent and identically distributed (1ID) source
X ={X:}2,,

—%lnp(X1X2-~Xn)—>H(X) (1)

Typicality
With high probability, the outcomes of X X5 --- X, are
approximately equiprobable with their respective probability

from e—(H(X)+e) tg e—n(H(X)—e)
for small fixed number e. Those sequences are called typical

sequences, and the set of typical sequences are called the
typical set, denoted by 7 (™).




Introduction

Application of AEP to Source Coding

Simple Proof on Source Coding using AEP

Implication of AEP suggests that only typical sequence need to
be represented, while error probability (the probability that a
sequence appears with no representation) is arbitrarily small.
Therefore, the rate of source code is related to | 7|, which
can be easily bounded by the following argument.

’T(n)’efn(H(X)Jre) < Z p(:l)n) <1
zneT (n)

1
= R,=—-I|TMW| < HX)+e
n



Introduction

Asymptotic Equipartition Properties (AEP)

AEP w.r.t Joint Entropy

For independent and identically distributed (1ID) source pair
(X,Y) = {(X;, Yi) 1321,

— —Inp(X",Y") - H(X,Y) (2)

|:

Joint Typicality
With high probability,

e—(H(X)+e) < p(Xn) <e —n(H(X)—¢)
e—(H(Y)+e) <p(Y™) <e” n(H(Y)—e)
e—n(H(X,Y)—I—e) < p(Xn,Y ) <e —n(H(X,Y)—¢)

Call the set of those sequences as joint typical set 7 J(").




Introduction

Application of AEP to Channel Coding

Simple Proof on Channel Coding using AEP

It can be shown that while (X™, Y™) € T\™ with high probability,
Pr {(Xn, Yn) e TJ(")} < e—n(I(X;Y)—SE)

if X and Y are independently. Then as long as channel code
rate
R<I(X;Y) — 3¢

TJ(") contains only one codeword X™.




Introduction

Impact and Limitation of AEP

Establish asymptotic coding theorem in
@ source coding;
@ channel coding ;
@ and multi-user information theory.

v

@ AEP applies only to large block length n;
@ AEP can yield only first order results; and

@ more importantly, AEP is not applicable to the
non-asymptotic regime, which is the real game in practice.




Introduction

Impact and Limitation of AEP

Establish asymptotic coding theorem in
@ source coding;
@ channel coding ;
@ and multi-user information theory.

Limitation - Solution: Non-asymptotic Equipartition

Property (NEP)!
@ AEP applies only to large block length n;
@ AEP can yield only first order results; and

@ more importantly, AEP is not applicable to the
non-asymptotic regime, which is the real game in practice.
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Entropy NEP and Source Coding

Entropy NEP

Random variable: —1 Inp(X™)
Distribution: ?

Entropy NEP = characterization of

—% Inp(X™)
for any n
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Entropy NEP and Source Coding

Weak Right Entropy NEP

Chernoff Bound Result
For independent and identically distributed (1ID) source
X ={X:}2,,

Pr {—:L Inp(X") > H(X) + 5} < X () 3)

where

rx(9) éilg [A(H(X) +6) 1n/p_)‘+1(:n)dx] :
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Entropy NEP and Source Coding

Proof of Weak Right Entropy NEP

1
Pr{—nlnp(Xng---Xn > H(X) —|—5}

= Pr{—-lnp(X3Xs---X,,) >n(H(X)+9)}
. E[ef)\lnp(X1X2"'Xn)]

= ig% oA (X)10)

~n[AH(X)+8)~In E[p—(X1)]]

= infe
A>0

—n[)\(H(X)-‘,-(S)—ln [p= At (;r)dz]
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Entropy NEP and Source Coding

Graphical Interpretation

E[enP(X™)] = [ Pr {e-Anp(X") > t}dt

>

AHCO) Py {— Inp(X™) > n(H(X) + 6)}

1 1 Pr [ 1= AInp(X™) +1
T € Ity
en

eNA(H (X)+90)
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Entropy NEP and Source Coding

Example of rx ()

For I.1.D binary source with Pr{X = 0} = p < 0.5,

p> (9)

—i—qlnf
p

0
rx|y(6) =D <p+ m 1pp

where
D(qllp) £(1 - q) 1n

0D<p+lis_p
P

n

p) is convex and non-decreasing.

1
= 5 +0(5°
p) 2p(1 — p)In* =2 )

5
D(p+
(p In L p

p
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Entropy NEP and Source Coding

Plot of rx ()

a5 rx(d) vs. § when p=0.10

1.5F 1

rx(0)

1.0} b
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Entropy NEP and Source Coding

Properties of rx (9)

@ rx(0) is convex and non-decreasing.
@ Parametric Form

_ PN )
s = [ o] e~ HOO @)

rx(6(N) = AH(X) + 6(\)) — In / P @)dz . (7)
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Entropy NEP and Source Coding

Strong Right Entropy NEP

For independent and identically distributed (1ID) source
X ={X:}2,
Pr {—1 Inp(X™) > H(X)+ (5}
n

1 [ 1 L 2M (X))
1—e V27TUH(X7>\) U%(X,)\)

:| e TX 6)—— ln71(9)

Pr{—;lnp(X”) > H(X) +5}

a2

T 2n02 (X,\)
ei)‘d de *"H B 2MH(X7 /\) efm“x(6)f%1nn(10)

- Voron(X,N)  oh(X.N)

for any d > 0, where A = r/,.(§) > 0.
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Entropy NEP and Source Coding

Derivation of Strong Entropy NEP

Define )
(@) EM (11)
and
By, é{x" : H(X) —|—5—|—E < —llnp(x") < H(X) —|—5+k+1}.
n n n

Then
Pr{—;lnp(X”) > H(X) —1—5}

= / p(z")dz"

—Lmp(an)>H(X)+6

k:OanBk 19/55



Entropy NEP and Source Coding

Derivation of Strong Entropy NEP

o0

=Y [ REnEpena
k=0ne B,

- i / el [ W]} £y () () de
k=0ne B,

< S MO0 5 )i o s} / Iz )p(a”)dz"
h=0 a"EBy,

= 6’"”(5)50:6’”“ / Faa")p(a™)da" (12)

k=0

HALISY 78
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Entropy NEP and Source Coding

Central Limit Theorem

Lemma (Berry and Esseen)

LetVi,Vs,--- be independent real random variables with zero
means and finite third moments, and set

n
op =Y EV.
=1

Then there exists a universal constant C' < 1 such that for any
n>1,

sup | Pr{d Vi <ont} — @(t)| < Co,? Y E|Vi?,

Tooststoo i=1 i=1

where ®(t) = (2m)~1/2 ffoo e~ /24y,
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Entropy NEP and Source Coding

Derivation of Strong Entropy NEP - Cont.

Consider 71, Zs, - - -, Z,, with pmf or pdf f\(z)p(z), and applying
central limit theorem to the IID sequence

{=Inp(Zi) — (H(X) + )}

yields

e

" EBy,
1
1 T (XN 2 1 My(X,\)
< — e 2dt+ 20 —=——+—"—->
o \/271'/0 \/HU%(X,)\)
1 1

<

1 OM (X, \)
vn (\/ﬂUH(X,)\) i o (X, 2) >

forany k > 0.
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Entropy NEP and Source Coding

Derivation of Strong Entropy NEP - Cont.

Combining (13) with (12) yields

Pr{;lnp(X") > H(X) +5}

< e—nrx((;)—%lnn ( 1 + 2MH(X7 )‘)> Ze—)\k

- V 27TO'H (X, )\) O—?{ (X7 ) k=0

_ 1 ( 1 + QMH(X? A) e—m"x(J)—%lnn
1—e > \V2mop(X, ) o3(X, )

This completes the proof of (9).
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Entropy NEP and Source Coding

Derivation of Strong Entropy NEP - Cont.

To prove (10), note that for any d > 0

Pr{—;lnp(X") > H(X) +5}

> / p(z"™)dz"
0<—LInp(an)—(H(X)+d)< 2

_ / £ @) fr @)l da”
0<—LInp(an)—(H(X)+0)< <

> erx )M / fr(@™)p(a")da"(14)

0<—LInp(an)—(H(X)+0)< <
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Entropy NEP and Source Coding

Derivation of Strong Entropy NEP - Cont.

Applying Lemma 1 to the |ID sequence
{—Inp(Z;) — (H(X) + 0)}~, again, we have

/ la")p(a")da”
0<—llnp(1‘") X)+d)< d
fcrH(X)\) _t 1 My (X, )
2 dt — 20—7
o 27r/ Vn UH(X A)

4 e 2MaXNN) g
f V2o (X, \) o3 (X, )

which, combined with (14), implies (10).
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Entropy NEP and Source Coding

Graphical Interpretation

Pr {e_’\lnp

—Alnp(X™)

e
-

—

O%ﬂ—

e\ (H A(H(X)+6+%)

3

t} _
> ket (Pr{
— Pr {e—)\lnp(X")

(X") > nA(H(X)+9)

}

k

e~ Inp(X") > en/\(H(X)+5+

;1>}
> PAH(X)+5+E) })
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Entropy NEP and Source Coding

Central Limit Theorem

Forany § <c 1“7” where ¢ < oy (X) is a constant,

svn \  CMpy(X)
Q<UH<X>> Vi (X)

< Pr {—:L Inp(X") > H(X) + 5}

5y/n CMpy(X)
Q(amX)) o x) 19

where Q(t) = 2= [, e"*/2du, and C < 1 is the universal
constant in the central limit theorem of Berry and Esseen.
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Entropy NEP and Source Coding

Application to Fixed Rate Source Coding

Given a memoryless source X, the performance of optimal
fixed rate source coding for any block length n is characterized

by,
Inn
52 Ry~ H(X) 25 -1x(0) = 5" =0~ (17)
whenever
Ine, Inn  InA 1
— — <
+rx(0) + e+ 2o <07 (18)

for 2 ( ) =5 <In|X|— H(X)and X = ' (5).

NG
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Entropy NEP and Source Coding

Application to Fixed Rate Source Coding

(a) Let ¢ be a constant with respect to n. Then

inv 1 n 1 _
rg{ )(_ ne _Hn>+0(n 1)

n 2n
(inv) Ine, Inn Ine, 1
> _ _ _
Z Tx ( n on > + o O(n )

whenever ¢, decreases exponentially with respect to n,

(inv)

where .’ is the inverse function of rx.
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Entropy NEP and Source Coding

Application to Fixed Rate Source Coding

(b) Let§ = op(X)y/2222 for some a > 0. Then

2alnn
o (X)
n
> Rn_H(X)
2alnn 1 Inn 1
> _ i
> ou(x) 20 <2+a) o) (20
whenever

en_@<\/“1;n>. (21)
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Entropy NEP and Source Coding

Application to Fixed Rate Source Coding

(c) Let 6 = -~ for a constant c¢. Then

vn
c c Inn _
= 2Ry~ H(X)> =~ 5=~ 0(n (22
whenever
Cof ¢ Y| < CMu(x)
75| < ) &)

where Q(t) = \/% [ e=**/2du, and C < 1 is the universal
constant in the central limit theorem of Berry and Esseen.
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Entropy NEP and Source Coding

Working below Entropy!

error probability vs. block length when rate is below entropy

105 p=0.12, Entropy=0.529, Rate=0.528

0.95f
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©

o
T

error probability
o
o]
wu

0 200 400 600 800 1000
block length
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Conditional Entropy NEP and Channel Coding

Outline

e Conditional Entropy NEP and Channel Coding
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Conditional Entropy NEP and Channel Coding

Right Strong Conditional Entropy NEP

For any ¢ € (0, A*(X1]Y')) and any positive integer n

Pr {—ilnp(X"]Y”) > H(X|Y) + 5}

1 |: 1 QMH(X‘Y, )\):| —nr (6)—llnn
< e x|y 2
T l—e? [V2mop (XY, X)) oj(X[Y)N)

and

Py {—ilnp(X”D/”) > H(X|Y) + 5}

a2

g | de TEERCTYN aM (XY A)

> e
B V2rog(X|Y,\) oy (X]Y,A)

—TLTx‘y((S)—% Inn

for any d > 0, where A = r'y ;. (6) > 0.

34/55



Conditional Entropy NEP and Channel Coding

Central Limit Theorem

Forany 6 < c¢y/22 where ¢ < o (X|Y) is a constant,

< NG >_CMH(X\Y)
on(XY))  Vioh(X[Y)

1
< Pr{lnp(X"\Y”) > H(X|Y) +5}
n

5v/n CMpu(X]Y)
@ <aH<X|Y>>  Unoh, (X]Y) (&4

where Q(t) = \/% I e"*/2qu, and C < 1 is the universal
constant in the central limit theorem of Berry and Esseen.
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Conditional Entropy NEP and Channel Coding

Non-Asymptotic Channel Coding Theorem

Given a BIMC with Ceruc € (0,1), let P.(C('}), i = 1,2, denote
the average word error probability of CT(L’L with respect to the

random message ¢, the BIMC, and the random linear code ij)k
itself.

@ BIMC: Binary Input Memoryless Channel with Uniform
Capacity-Achieving Input Distribution.

@ Cimvc: Channel Capacity.

° CT(LII)g Elias’ Generator Ensemble.

o C\%): Gallager's Parity Check Ensemble.
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Conditional Entropy NEP and Channel Coding

Non-Asymptotic Channel Coding Theorem

(a) Foranyd € (0, A*(X]Y))
Pe(cx)k) < ZC(l)q;(X’Y7 )\)efnrmy((s)f%lnn (25)

whenever

tInn —InCOV(X|Y, )

R(Cni) < CBimc — 6 — rxjy(6) —
(26)
where A =r'y,-(d) and

j 1 ifi=1
(@) _
¢ { —s= otherwise. (27)
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Conditional Entropy NEP and Channel Coding

Non-Asymptotic Channel Coding Theorem

(b) Forany o > 0.5

: Doy (X|Y)U(X]Y) Inn
(i) o 2C%on(X]Y) o o
Pe(Ch) < SR n*+0|n Tn

whenever

2alnn alnn Inlnn
R(Cnk) < Cemmc—on(X|Y )4/ — —O( - )

(29)
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Conditional Entropy NEP and Channel Coding

Non-Asymptotic Channel Coding Theorem

(c) For any real number ¢

(i) ) ¢ My(X]Y) 1
PG =€ (Q<JH<X|Y>)+0%{<XY> ﬁ) (30)

whenever

R(Cn,k:) S CBIMC—L_M_Ff] ( BE) H( ‘ )

n
Vo 2noon o3 (X[Y)

(31)
where 0 < Cgg < 0.4784 is the universal constant in the
Berry-Esseen central limit theorem.
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Conditional Entropy NEP and Channel Coding

Working above Capacity!

error probability vs. block length when rate is above capacity

105 p=0.12, Capacity=0.471, Rate=0.472

0.95f
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0 200 400 600 800 1000
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Conditional Entropy NEP and Channel Coding

Example of ry |y (6) - Binary Symmetric Channel

Let p be the crossover probability of BSC,

In =2

rxy(6) = D (p +
P

)

1_
o} (X|Y) = p(l—p)n®—2
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Conditional Entropy NEP and Channel Coding

Plot of 7?XD'(5)

2.5

rxy{0) vs. 6§ when p=0.10

2.0t R

1.5F R

7‘);\1/(5)

0.5¢ R
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Conditional Entropy NEP and Channel Coding

Example of rx |y (9) - Binary Input Gaussian Channel

Assume that input of channel is modulated to {+1, -1}, and
therefore

1 _ly==?

e 202 (34)

€Tr) =
p(y|z) o

for x = {+1,—1}, where ¢ is the variance of the noise.
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Conditional Entropy NEP and Channel Coding

Example of rx |y (9) - Binary Input Gaussian Channel

Let U be gaussian random variable with mean 0 and variance 1.

)

rawtoon) A B CEIICE [ (20 1Y)

E[g* (25)] o

and
s =ty (25 e [ (5]
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Conditional Entropy NEP and Channel Coding

Plot of 7?XD'(5)

30 7xy{9) vs. § when 0=1.00

7'){\1/(5)
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Mutual Information and Relative Ent

Outline

0 Mutual Information and Relative Entropy NEP
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Mutual Information and Relative Ent

Left NEP on Mutual Information

For any § € (0, A* (X;Y)) and any positive integer n

Pr{llnp(mxn) < I(X:Y) —5}

n p(Ym")
< 1 1 N 2Mp (XY, N) Crxiy - (8)—Lnn
T l-eM | V2ror_(X3Y, M) 0f _(X5Y)))
and
1 ynr|xn
Pr flnw <I(X;Y)—6
no p(Y™)
d2
" 2no2 Y,
- €_>\d de 2nof _(X;Y52) _ 2MI’,(X,}/,)\) —nTx;y,f((S)—%lnn

V2ror _(X;Y,A) o} (XY,

for any d > 0, where A = 1’y () > 0.
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Mutual Information and Relative Ent

Central Limit Theorem

Forany 6 < c¢y/2%, where ¢ < o/(X;Y) is a constant,

NG CM;(X;Y)
2 (5itxvy) - ooy
1 p(Y"X") Y

= ¢ <01(X;Y)) T V(X Y) 9

where Q(t) = \/% I e"*/2qu, and C < 1 is the universal
constant in the central limit theorem of Berry and Esseen.
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Mutual Information and Relative Ent

Some Definition on Relative Entropy

Let ¢ be the type of 2™, i.e. nt(a) is the number of times the
symbol a appears in z™. Define

aly) 2 Y taplyl)

reX

1) 2 S i) [ sl p;%) dy

reX
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Mutual Information and Relative Ent

Left Relative Entropy NEP

Forany ¢ € (0,A* (X;Y))

1 yrxn
Pr{lnp(H SI(t;P)é‘X”:x"}

no o q(Y")
_ 1 1 L 2Mp(GPN e 15 -Lmn
T 1—e |Vorop (PN op_(t PN
and
1 Ynxn
Pr{lnp(H < I(t; P) 5‘X" :x"}
no qY")
d2
N n0'2 3
o de 2"7D,—HBPA) B 2Mp _(t; P, N) e—nr,(t,é)—%lnn

V2rop_(t; P,X) o (6P

for any d > 0, where \ = 87"57%“5) > 0.
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Mutual Information and Relative Ent

Central Limit Theorem

Forany 6 < c¢y/22 where ¢ < op(t; P) is a constant,

( 5y/n ) ~ CMp(t;P)
op(t; P) Vo (t; P)
Pr{;ln% §I(t;P)5‘X”:x"}
5y/n CMp(t; P)
2 (ooter) * Ak o)

where Q(t) = \/% I e"*/2qu, and C < 1 is the universal
constant in the central limit theorem of Berry and Esseen.

IN
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Mutual Information and Relative Ent

Non-Asymptotic Channel Coding Theorem

Given a DIMC P with Cpivc € (0,|X]), let P.(C: ) denote the
average word error probability (under jar decoding) of C; , ;, with
respect to the DIMC and the random code C; ,, ;. itself.

@ DIMC: Discrete Input Memoryless Channel with Any
Capacity-Achieving Input Distribution.
@ Cpnvc: Channel Capacity.
@ C;, . Random Code Chosen within Type ¢.
@ There always exists t such that
X

Ht—pX’hS? (37)

where px is the optimal input distribution.
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Mutual Information and Relative Ent

Non-Asymptotic Channel Coding Theorem

(a) Forany d € (0,A* (t))
Po(Crpg) < 20(t; P, N)e (B0 =5 nn (38)
whenever
R(Cing) < I(t;P)—08—r_(t,9)
(G H1X) In(n+1) —In (kPN (39)

n

where \ = 8’"57(;’5) satisfying 6_(t, \) = 4.
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Mutual Information and Relative Ent

Non-Asymptotic Channel Coding Theorem

(b) For any « > 0.5 and any ¢ satisfying (37)

2UD(X;Y)\II(X;Y)n_a+O (n_alnn> (40)

V2alnn %

P, (Ct,n,k) <

whenever

2 Inn
R(Cink) < CDIMc—UD(X;Y)\/ -

(a+|X])In(n+ 1) Inlnn
- " ¢ <n> )
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Mutual Information and Relative Ent

Non-Asymptotic Channel Coding Theorem

(c) For any t satisfying (37)

P(Conp) < Q<UD(C ) Mp(X;Y) 1

X;Y) * o3 (X;Y) ﬁ—i_o(n_lﬁ)

whenever

c 1 In(n+1)
R(Cinr) < S (S e )
(Cink) < Cpmmc NG <2 + |> "

1, (1= Cpp)Mp(X;Y)
— “ln >
n op(X5Y)

0@

for any real number ¢, where 0 < Cgp < 0.56 is the
universal constant in the Berry-Esseen central limit
theorem.
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